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Abstract
We consider coordinate systems adapted to accelerated observers, construct a generalised
Rindler metric and then adopt a specific form of it to compute the semiclassical Unruh temper-
ature, using a WKB approximation within a Hamilton Jacobi analysis in the tunneling picture.
Corrections to this temperature are next computed by going beyond the usual WKB approx-
imation. A connection of the corrected Unruh temperature with the Hawking temperature
is established. This connection is also explained through the method of Global Embedding
Minkowski Spacetime (GEMS).
1 Introduction
The difficulties in the definition of a general notion of vacuum were demonstrated in W. G.
Unruh’s 1976 paper [1] where, among other discussions, he showed how an accelerated observer in
flat Minkowski spacetime observing the Minkowsi vacuum, will actually find a thermal spectrum.
Thus the appropriate vacuum state corresponding to him would be distinct from the Minkowski
vacuum. The connection between the above mentioned ‘Unruh effect’ and the prediction by
Hawking that Black Holes should radiate – ‘Hawking Effect’ [2, 3] – was also investigated by
Unruh in [1].
Though a priori it is not evident how an observation made in flat spacetime is related to an
effect that occurs in the curved black hole spacetime, the key lies in the principle of equivalence. A
freely falling observer near the horizon would observe locally around him a flat Minkowski metric.
Also he would see a static observer in his vicinity as an observer accelerating with a constant
acceleration, say α. Now if the static observer sees the vacuum state of the freely falling observer,
he would see a thermal flux at an Unruh Temperature h¯α2pi . Again a redshifted version of this same
temperature will be seen at infinity as the Hawking Temperature h¯κ2pi where κ is the surface gravity
of the black hole.
An alternative way to explore the mapping of Unruh and Hawking thermal properties is to
recall that any d-dimensional geometry has a higher dimensional Global Embedding Minkowski
Spacetime (GEMS) [4]. Several examples of this mapping have been illustrated in [6]. This prop-
erty relates the results obtained by (Hawking) detectors in curved spaces with those of (Unruh)
detectors in flat spaces [5].
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Results for the Unruh and Hawking temperatures were at first all derived from classical or
semi-classical considerations. But corrections to Hawking temperature due to quantum fluctuation
of spacetime near the event horizon, thereby accounting for the back reaction effect, have also been
widely studied [7, 8, 9, 10, 11, 12, 13, 14]. This raises the interesting question as to whether the
Unruh temperature would also have appropriate corrections. But this issue and its connection, if
any, with the corrected Hawking temperature has not been adequately addressed in the literature
[15]. Here in this work we address that issue following both approaches mentioned above.
The original analysis of Hawking [2, 3] was fairly involved. The result being remarkable, several
other derivations were attempted subsequently [16, 17]. But the approach that truly matches an
intuitive picture as a source of radiation tunneling across the horizon in a classically forbidden
process, is the tunneling formalism developed in [18, 19], for scalar particles in a Schwarzschild
spacetime. The formalism since then has both been refined and applied to Dirac particles as well
as various other black hole spacetimes [11, 14, 20, 21, 22, 23, 24, 25, 26, 27, 28]. Thus to compute
corrections to the Unruh effect, we readily employ the tunneling formalism keeping in mind its
intuitive clarity.
Now for the analysis of Unruh effect [1, 29], an appropriate coordinate system for the acceler-
ated observer is required. This is the Rindler coordinate system which covers the whole Minkowski
plane in four separate coordinate patches (see fig. 1 & 2). Here we construct a generalised Rindler
metric which can accommodate various parametrisations based on the trajectories of the acceler-
ated observer. It can thus give any of the various forms of the Rindler metric seen in the literature
[1, 30, 31], through a proper choice of a single function.
We clarify several aspects of the Unruh effect, especially in the tunneling mechanism, and
present new results for corrections to the Unruh effect. A mapping of the corrected Unruh and
Hawking temperatures is established. We show that tunneling in Rindler coordinates occurs from
region II (the black hole like region) to I (the ‘physical’ region) across the Rindler horizon (see
fig. 1). Later, when the near horizon form of any generic black hole metric is deduced to be
a Rindler metric, we actually see that the Rindler horizon maps to the black hole horizon and
we beautifully get back the picture of particles tunneling out from the inside of a black hole in
a classically forbidden process. This gives a nice check, supporting our tunneling picture in the
Unruh phenomenon.
Tunneling is usually employed through two different methods - the radial null geodesic method
[19] and the Hamilton Jacobi method [18, 20]. Here we adopt the latter to calculate both the
semi-classical Unruh temperature and corrections to it due to quantum effects. Considering scalar
particle tunneling, we write the Klein Gordon equation in the Rindler metric and make the
standard WKB ansatz for the wave function φ = e−i/h¯ S(x,t). In the full analysis, the single
particle action S(x, t) is expanded in powers of h¯ as S = S0 +
∑
i h¯
iSi. However at the first order
semiclassical level, we take h¯→ 0 limit and find the ingoing and outgoing modes of φ. Imposing
classical condition of unitary ingoing probability, we get the imaginary temporal contribution to
the action and use it to compute the outgoing probability. Now using the principle of detailed
balance [20, 27] for an arbitrary observer, we again get the outgoing probability in terms of the
characteristic temperature - the Unruh temperature - and get our result by comparison. This
semiclassical Unruh temperature matches the standard form of acceleration upon 2pi. In addition,
our result also naturally incorporates the coordinate dependence in the acceleration, as different
observers in the Rindler metric have different accelerations based on their coordinate positions.
Now near the black hole horizon, we use our result to get a Unruh temperature for the relevant
Rindler metric and redshift it to infinity to get the Hawking temperature. Exactly at the horizon,
the Unruh temperature obtained is infinitely high which is expected since any finite energy process
at horizon is not observable outside.
When we go beyond the first order level and keep all corrections in different powers of h¯, we
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explicitly demonstrate by induction that all higher orders Si(x, t) in the single particle action are
proportional to the first-order action S0. This explicit proof was lacking previously in the literature
where the general relation was only deduced from a few initial order results [12, 13, 14, 24]. Thus
now the action is just modified by a pre-factor and the whole analysis repeats the semi-classical case
leading finally to the corrected Unruh temperature. Proportionality constants of the correction
terms are next fixed by using this result near a Schwarzschild horizon and redshifting the corrected
Unruh temperature thus found to infinity, giving the known standard form of corrected Hawking
temperature. The first order proportionality constant, for the case of a Schwarzschild black hole,
is now found by comparison. An analysis through GEMS also conforms to the above results.
Now we briefly explain the organization of our paper. In Section 2 we set up a generalised
Rindler metric and make a specific choice of metric which is to be used in the subsequent analysis.
Next, the Unruh effect is taken up in Section 3 where we calculate the semicalssical Unruh temper-
ature in the tunneling approach of [18, 20], through a Hamilton-Jacobi formalism. The physical
picture of tunneling across the Rindler horizon and some subtleties are also discussed in this sec-
tion. Then in Section 4 we introduce effects of quantum corrections and use the Hamilton-Jacobi
approach again, but now going beyond the usual semi-classical approximation [12, 13, 14, 24] to
compute the corrected Unruh temperature to all orders in h¯. In Section 5, connection between
the Unruh and Hawking temperatures is discussed through two different methods (near horizon
approximation and GEMS). The connection is then used to fix the proportionality constant of the
correction term, upto first order . Finally we conclude with a discussion of the results in Section
6. We give two appendices: in A we show how some standard Rindler metrics used in literature
can be obtained from the generalised Rindler metric, and in B we do the tunneling calculation
in the generalised form of the Rindler metric. Two figures have been included to further explain
the generalised Rindler metric which has been constructed. Fig. 1 shows the Rindler wedges
in the Minkowski plane and explains where the tunneling occurs. Fig. 2 shows the conformal
Carter-Penrose diagram for the first Rindler wedge of the generalised metric.
2 Accelerated observer in Minkowski spacetime – Rindler
coordinates
An observer accelerating with a constant acceleration α along the X-axis in Minkowski spacetime
follows a hyperbolic trajectory [32]
X2 − T 2 = 1
α2
(1)
as predicted by special relativity, where T and X are the Minkowski time and space coordinates.
The parametrized trajectory equation is
T =
1
α
sinh(ατ)
X =
1
α
cosh(ατ), (2)
where τ is the proper-time of the accelerating observer. Here, depending on the sign of α, the
trajectories cover two sections of the Minkowski Spacetime (see figure 1)
I. X > 0, |X| ≥ |T | α > 0,
IV. X < 0, |X| ≥ |T | α < 0. (3)
It is to be noted that, physically a positive α will mean acceleration for T > 0 and a deceleration
for T < 0, with the scenario being reversed for negative α.
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An appropriate coordinate system adapted to the trajectory of this accelerated observer is the
Rindler Coordinates (t, x, y, z) defined through the transformation (in region I)
T = F (x) sinh(at)
X = F (x) cosh(at)
Y = y; Z = z. (4)
The restrictions (3) result in the coordinates (t, x) thus defined to cover only a section of the
Minkowski Coordinates (T,X). Other sections can be covered by analogously defined separate
coordinate pairs. These sections are referred to as ‘Rindler Wedges’. Here F (x) is a monotonic,
analytic, positive definite function of ‘x’ which parametrizes different trajectories for different
values of acceleration and ‘a’ is a constant in the (t, x, y, z) coordinates. The coordinates x and t
are related to the acceleration and the proper time of the accelerated observer through
α =
1
F (x)
τ =
a
α
t. (5)
We see from the above relations that for an observer with coordinate time equal to proper time,
the acceleration α is equal to the parameter a.
Finally, the transformed metric obtained from the Minkowski metric
ds2 = −dT 2 + dX2 + dY 2 + dZ2 (6)
is the generalized Rindler metric
ds2 = −a2[F (x)]2dt2 + [F ′(x)]2dx2 + dy2 + dz2. (7)
Different forms of the Rindler metric often seen in literature (see for example [1, 30, 31]) can all be
obtained through an appropriate choice of the function F (x). Any metric then is in Rindler form
only if we can get a well-behaved function F (x) and a constant ‘a’ such that it can be expressed
in the form of (7). For example, for the choice of
F (x) =
2
√
x√
Λ
=
1
α
& a =
Λ
2
, (8)
where Λ is some constant parameter, we get the specific form of the Rindler metric
ds2 = −Λxdt2 + dx
2
Λx
+ dy2 + dz2 (9)
which is used in Sections 3 & 4 to calculate, first, the standard Unruh temperature and, next,
corrections to it. Some more examples of different choices of F (x) leading to different Rindler
metrics have been discussed in Appendix A.
In Figure 1 we show the hyperbolic trajectories of the accelerated observer. The two hyperbolae
for F (x) = A and B with A < B correspond to two different accelerations 1/A and 1/B. Thus
higher values of acceleration correspond to hyperbolae which intersect the Minkowski X axis
at points increasingly closer to the Minkowski origin OM . Observers with infinite acceleration
α, travel along the lines F (x) = 0 (see 5), which form the accelerated horizon of the Rindler
observers. In Minkowski coordinates, the hyperbolic trajectory equation (1) gives the same horizon
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as X = ±T . We note that a naive, direct substitution of F (x) = 0 in the transformation (4),
identifies only the single point describing the Minkowski origin as the horizon. However the
transformation (4) itself then becomes non-invertible and hence the conclusion would be erroneous.
It can be shown [32] that no information interchange can occur between regions I and IV. Region
II is like a blackhole, i.e. no information from there can reach the Rindler observers in region I,
while the contrary is possible. So the accelerated horizon F (x) = 0 acts like an event horizon of
a black hole. Similarly, region III is like a white hole. The past and future null infinities as well
as the spacelike infinity of the Rindler observers lie in the directions as indicated.
In the later two sections we use the specific Rindler metric (9) to calculate both the semiclassical
Unruh temperature and corrections to it due to quantum effects (see Appendix B for tunneling
in the generalised metric (7) ). Since we are interested only in the x− t sector of the metric, we
will suppress the y and z coordinates henceforth.
3 Unruh effect by quantum tunneling
This section is devoted to calculate the Unruh temperature by tunneling method, where quantum
mechanically, a particle can tunnel across the horizon in an otherwise classically forbidden direc-
tion. Here we consider tunneling of a massless scalar particle through the horizon, from region II
to region I as shown in Fig.1. Since in the classical limit (h¯→ 0) the ingoing probability is unity
and the outgoing probability is zero, the ingoing single particle action is real while the outgoing
action is complex. The tunneling rate is proportional to the exponential of the imaginary part
of the outgoing action, which is compared with the Boltzmann factor through the ‘principle of
detailed balance’ [20, 27] leading to the Unruh temperature. Therefore the important part of this
method is to calculate the imaginary part of the outgoing one particle action. There are two ways
to do this: (i) Radial null geodesic method [19] and (ii) Hamilton Jacobi method [12, 18, 20].
We will consider the Hamilton-Jacobi method, where the analysis in this section will be confined
within the semiclassical approximation.
Let us consider a massless particle in the spacetime (9) described by the Klein-Gordon equation
− h¯
2
√−g∂µ
[
gµν
√−g∂ν
]
φ = 0. (10)
For radial trajectories, only the (x− t) sector of the metric (9) is important. Therefore under this
metric the Klein-Gordon equation reduces to
− 1
Λx
∂2t φ+ Λ∂xφ+ Λx∂
2
xφ = 0, (11)
where Λ is the constant parameter of the given Rindler metric (9). The wave function satisfying
the above equation is obtained by making the standard WKB ansatz for φ which is
φ(x, t) = exp
[
− i
h¯
S(x, t)
]
, (12)
where S(x, t) is the single particle action. To incorporate quantum corrections in φ(x, t) one has
to expand S(x, t) in powers of h¯
S(x, t) = S0(x, t) +
∑
i
h¯iSi(x, t), where i = 1, 2, 3, . . . (13)
Here our analysis will be confined only to the semiclassical approximation, i.e. h¯→ 0. The effect
of higher orders in h¯ will be discussed in Section 4. Substituting (12) into the wave equation (11),
we obtain
i
Λx
(
∂S
∂t
)2
− iΛx
(
∂S
∂x
)2
− h¯
Λx
∂2S
∂t2
+ h¯Λx
∂2S
∂x2
+ h¯Λ
∂S
∂x
= 0. (14)
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Now using (13) in (14) and taking the limit h¯ → 0 we obtain the semiclassical Hamilton Jacobi
equation
∂S0
∂t
= ±Λx∂S0
∂x
, (15)
Since the metric (9) is stationary it has timelike Killing vectors. Thus we will look for solutions
of (15) which behave as
S0(x, t) = Ωt+ S˜0(x), (16)
where Ω is a constant of motion corresponding to the timelike Killing vector. In a general curved
spacetime, Ω is the product of the particle’s energy E as measured by an arbitrary observer and
the appropriate redshift factor V [31]. Here since V equals
√|g00|, for the metric (9), Ω = E√Λx.
We note that since the energy E gets redshifted by the red-shift factor
√|g00|, the x dependence
cancels out and Ω is thus a constant of motion.
Inserting (16) in (15) and then integrating we obtain,
S˜0(x) = ±Ω
∫
dx
Λx
(17)
where the limits of the integration are chosen such that the particle goes through the horizon
x = 0 (see fig. 1). The +(−) sign in front of the integral indicates that the particle is ingoing
(outgoing). Therefore substituting (17) in (16) we get two solutions for S0(x, t):
(S0)in(x, t) = Ωt+ Ω
∫
dx
Λx
(18)
and
(S0)out(x, t) = Ωt− Ω
∫
dx
Λx
. (19)
Now for tunneling of a particle across the horizon, the temporal and spatial natures of the
coordinates t and x gets interchanged. Actually the two patches across the horizon are connected
by a discrete imaginary amount of time [26]. This indicates that the t coordinate has an imaginary
part due to crossing of the horizon and correspondingly there will be a temporal contribution to
the probabilities of the ingoing and outgoing particles. On using the expressions for (S0)in(x, t)
and (S0)out(x, t) in (12) the respective probabilities can be written as
Pin =
∣∣φin∣∣2 = ∣∣∣e− ih¯ (S0)in ∣∣∣2 = exp [2h¯ Ω Im
(
t+
∫
dx
Λx
)]
, (20)
Pout = |φout|2 =
∣∣∣e− ih¯ (S0)out∣∣∣2 = exp [2
h¯
Ω Im
(
t−
∫
dx
Λx
)]
. (21)
Since in the classical limit (i.e. h¯→ 0) the probability for the ingoing particle (Pin) has to be
unity as was explained earlier, we obtain from(20),
Im t = −Im
∫
dx
Λx
= −pi
Λ
(22)
which is precisely the imaginary part of the transformation t→ t− i piΛ when one connects the two
regions across the horizon as shown in [26]. Therefore the probability of the outgoing particle is
Pout = exp
[
− 4pi
Λh¯
Ω
]
. (23)
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Now an observer observing this tunneling process will see the same particle tunneling with
energy E and a temperature TU . Therefore when using the principle of “detailed balance,” [20, 27]
the observer gets
Pout = exp
(
− E
TU
)
Pin. (24)
Now substituting for Pout from (23) and noting that Pin = 1 we have
exp
[
− E
TU
]
= exp
[
− 4pi
Λh¯
E
√
Λx
]
, (25)
where Ω = E
√
Λx has been used. The temperature TU is precisely the Unruh temperature
TU =
Λh¯
4pi
1√
Λx
. (26)
In terms of the local acceleration α given by (8), we can rewrite the Unruh temperature as
TU =
αh¯
2pi
. (27)
The result in this form, but obtained from completely different considerations, was given by
Unruh [1]. In relation to the Tolman condition, which states that the product of temperature and
redshift factor remains constant at all spacetime points, we see that our result is consistent. Here
the redshift factor is
√|g00| = √Λx and so from (27) we have TU √Λx = Λh¯4pi , a constant. Also
note that the temperature (27) seen by a Rindler observer near the Rindler horizon (x = 0) is
divergent. This is consistent with the fact that no finite energy emission from the horizon reaches
beyond, as can be easily seen from redshift considerations [31]. A static observer at some other
spacetime point, will actually see a finite, red-shifted version of this temperature as the redshift
factor
√|g00| appropriately cancels out the 1√x term responsible for divergence. This is discussed
in details in Section 5.
4 Corrected Unruh effect by quantum tunneling
In the previous section, the analysis was confined only at the semiclassical level reproducing the
known expression (27). The present discussion will go beyond the semiclassical approximation
[12, 13, 14, 24]. For this, all orders in h¯ in (13) and (14) will be considered. Substituting (13) in
(14) we obtain,
i
Λx
( ∞∑
n=0
h¯n
∂Sn
∂t
)( ∞∑
m=0
h¯m
∂Sm
∂t
)
− iΛx
( ∞∑
n=0
h¯n
∂Sn
∂x
)( ∞∑
m=0
h¯m
∂Sm
∂x
)
− h¯
Λx
∞∑
n=0
h¯n
∂2Sn
∂t2
+ h¯Λx
∞∑
n=0
h¯n
∂2Sn
∂x2
+ h¯Λ
∞∑
n=0
h¯n
∂Sn
∂x
= 0 (28)
Equating h¯0, h¯1 and h¯2 coefficients on both sides of the above equation we get the following three
relations,
h¯0 :
(
∂S0
∂t
)2
− (Λx)2
(
∂S0
∂x
)2
= 0
h¯1 : 2i
∂S0
∂t
∂S1
∂t
− 2i(Λx)2∂S0
∂x
∂S1
∂x
− ∂
2S0
∂t2
+ Λ2x
∂S0
∂x
+ (Λx)2
∂2S0
∂x2
= 0
h¯2 : 2i
∂S0
∂t
∂S2
∂t
− 2i(Λx)2∂S0
∂x
∂S2
∂x
+ i
(
∂S1
∂t
)2
− ∂
2S1
∂t2
+ Λ2x
∂S1
∂x
+ (Λx)2
∂2S1
∂x2
− i(Λx)2
(
∂S1
∂x
)2
= 0 (29)
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Now any equation in the above set can be simplified by using the equations coming before it. This
leads to the following identical set of equations:
h¯0 :
∂S0
∂t
= ±Λx∂S0
∂x
h¯1 :
∂S1
∂t
= ±Λx∂S1
∂x
h¯2 :
∂S2
∂t
= ±Λx∂S2
∂x
(30)
Next using the method of induction it will be shown that the above behaviour holds for any
arbitrary order of h¯. For this we assume that this holds upto h¯r−1 order, i.e.
∂Sr−1
∂t
= ±Λx∂Sr−1
∂x
(31)
where r = 1, 2, 3, . . . , r. Equating the coefficient of arbitrary h¯r order on both sides of equation
(28) we obtain,
h¯r : i
r∑
n=0
(
∂Sn
∂t
∂Sr−n
∂t
)
− i(Λx)2
r∑
n=0
(
∂Sn
∂x
∂Sr−n
∂x
)
− ∂
2Sr−1
∂t2
+ Λ2x
∂Sr−1
∂x
+ (Λx)2
∂2Sr−1
∂x2
= 0(32)
Use of (31) in the above immediately yields,
r∑
n=0
(
∂Sn
∂t
∂Sr−n
∂t
)
= (Λx)2
r∑
n=0
(
∂Sn
∂x
∂Sr−n
∂x
)
(33)
which again can be rewritten as,
r−1∑
n=1
(
∂Sn
∂t
∂Sr−n
∂t
)
+ 2
∂S0
∂t
∂Sr
∂t
= (Λx)2
r−1∑
n=1
(
∂Sn
∂x
∂Sr−n
∂x
)
+ 2(Λx)2
∂S0
∂x
∂Sr
∂x
(34)
Using (31) in the first term on left hand side leads to the cherished form,
∂Sr
∂t
= ±Λx∂Sr
∂x
(35)
The whole analysis reveals that if this identical behaviour holds upto order h¯r−1, then it is also
true for order h¯r. Therefore one can immediately conclude that the functional form of all equations
in any order of h¯ is identical, i.e.
∂Sa
∂t
= ±Λx∂Sa
∂x
(36)
where a = 0, 1, 2, 3, · · ·. Consequently the solutions of these equations are not independent and
Si’s are proportional to S0. Since S0 has the dimension of h¯ the proportionality constants should
have the dimension of inverse of h¯i. Again in the units G = c = kB = 1 the Planck constant h¯
is of the order of square of the Planck length lP . Specifically, for this type of metric (9) having
Λ (which has dimension of inverse length (see (8)), as the only macroscopic parameter, these
considerations show that the most general expression for S, following from (13), is given by,
S(x, t) =
(
1 +
∑
i
Cih¯
iΛ2i
)
S0(x, t). (37)
where Ci’s are, as yet, undetermined dimensionless constant parameters.
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To obtain a solution for S(x, t) it is therefore enough to solve for S0(x, t) which satisfies a = 0
equation of (36). In fact the standard Hamilton-Jacobi solution determined by this S0(x, t) is just
modified by a prefactor to yield the complete solution for S(x, t). The solution for S0(x, t) has
been done in the previous section. Using the solutions (18), (19) and following identical steps
employed earlier, we obtain the corrected form of the Unruh temperature:
T
(c)
U =
h¯α
2pi
(
1 +
∑
i
Cih¯
iΛ2i
)−1
(38)
i.e. the semiclassical Unruh temperature is just modified by a multiplicative factor. For Ci = 0
this reduces to the semiclassical value (27) which was deduced earlier in the previous section. The
parameter Λ is obtained from the given Rindler metric. For example, for the specific Rindler
metric (A.3) used by Unruh in [1], Λ = 1 and we get the corrected Unruh temperature as
T
(c)
U =
h¯α
2pi
(
1 +
∑
i
Cih¯
i
)−1
, (39)
where the acceleration α for this metric (A.3) is now 1
2
√
x
.
5 Connection between corrected Unruh and corrected Hawking
temperature
In this section we show the relation between the Unruh and Hawking effects through two different
methods and exploit this relation to fix the undetermined proportionality constant of the corrected
Unruh temperature. We also make a comparative study of the two methods used. The content is
divided into three subsections. In the first subsection we use the standard method of near horizon
expansion of a black hole followed by redshift [1, 31] and in the second, we use the method of
GEMS (Global Embedding Minkowski Spacetime) [6, 5, 35, 36]. Finally in the last subsection we
show how both the methods, GEMS and the standard method of relating Unruh and Hawking
temperatures, are equivalent.
5.1 Method of near horizon approximation
In the first approach we show how a black hole metric reduces to Rindler form in a near horizon
expansion. So the static observer here becomes a Rindler observer, accelerating w.r.t. the freely
falling locally Minkowskian frame. Thus from the analysis of Section 4, we see that the Unruh
effect occurs and using (38) we get the corresponding corrected temperature. Then by redshifting
this corrected Unruh temperature from horizon to infinity, the corrected form of the Hawking
temperature is reproduced (to h¯ order) and thereby the value of the undetermined coefficient C1
is fixed for a specific black hole metric (Schwarzschild metric). We start with a general static,
spherically symmetric metric
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2, (40)
whose horizon is located at r = rh where f(rh) = 0. If we use the Taylor expansion of the metric
function about the horizon f(rh+δr) ' f ′(rh)δr+O(δr2), we get the near horizon approximation
to the metric as
ds2 = −f ′(rh)xdt2 + dx
2
f ′(rh)x
+ (rh + x)2dΩ2, (41)
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where we have made a transformation of the radial coordinate x = r − rh with the restriction
x rh.
Comparing this with (9), we see that (41) is in the Rindler form with acceleration α, proper
time τ and parameter Λ (5 & 8) are given by,
α =
1
F (x)
=
√
f ′(rh)
2
√
x
τ =
[f ′(rh)/2]
α
t
Λ = f ′(rh). (42)
The horizon in this metric (41) corresponds to x = 0 or r = rh, i.e. the Rindler accelerated
horizon (x = 0) maps to the Schwarzschild horizon (r = rh).
Thus the corrected Unruh temperature for this Rindler metric (41) with the acceleration given
as in (42), upto one-loop corrections (Ci = 0, ∀ i > 1), is read off from (38),
T
(c)
U =
h¯
√
f ′(rh)
4pi
√
x
(
1− C1h¯
[
f ′(rh)
]2) (43)
where we have used a binomial expansion. This is the temperature seen by a static observer near
the black hole horizon and is a manifestation of the Unruh Effect. The corresponding Minkowski
observer here would be the freely-falling observer, who according to the principle of equivalence
would observe the spacetime near horizon as locally (x rh) Minkowski flat.
Now a static observer at infinity will see a redshifted Unruh temperature which is nothing but
the Hawking temperature TH
TH = T∞ =
limx→0 (VxTx)
V∞
, (44)
where V is the redshift factor given by V =
√|g00| (see [31]). Here Vx is calculated from the near
horizon approximated Rindler metric (41) and V∞ from the black hole metric (40). Substituting
appropriately we get
T
(c)
H =
h¯f ′(rh)
4pi
(
1− C1h¯
[
f ′(rh)
]2)
, (45)
where we have imposed the asymptotic flatness property on the black hole metric. For the standard
Schwarzschild black hole of mass M , the metric
ds2 = −
(
1− 2M
r
)
dt2 +
dr2(
1− 2Mr
) + r2dΩ2 (46)
gives f ′(rh) = 1/2M and so the corrected Hawking temperature turns out to be
T
(c)
H =
h¯
8piM
(
1− C1h¯
4M2
)
, (47)
On removing the one loop correction effect by setting C1 = 0 we get back the standard expression
for Hawking temperature as is evident from (47). Now the one-loop corrected Hawking tempera-
ture has been discussed in the literature. For example, for a Schwarzschild black hole the corrected
Hawking temperature found by other methods [7, 10, 12] is
T
(c)
H =
h¯
8piM
(
1− β1h¯
M2
)
, (48)
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where β1 is a constant related to trace anomaly [7, 10, 13]. The general form of β1 is given by [7],
β1 = − 1360pi
(
− N0 − 74 N1/2 + 13 N1 +
233
4
N3/2 − 212 N2
)
(49)
where ‘Ns’ denotes the number of fields with spin ‘s’. In this case N0 = 1 and N1/2 = N1 =
N3/2 = N2 = 0 giving
β1 =
1
360pi
. (50)
Comparing (47) and (48) we then get (for a Schwarzschild black hole),
C1 = 4β1 =
1
90pi
. (51)
So the one-loop corrected Hawking temperature is obtained from (47) as
T
(c)
H =
h¯
8piM
(
1− h¯
360piM2
)
(52)
Finally, the one-loop corrected Unruh temperature for the Rindler metric (41) arising in a near
horizon expansion of the Schwarzschild metric is obtained by using the value of C1 (51) in (43)
T
(c)
U =
h¯α
2pi
(
1− h¯ [f
′(rh)]
2
90pi
)
, (53)
where α is the local acceleration defined in (42).
5.2 Method of Global Embedding Minkowski Spacetime - GEMS
Another interesting method of mapping the Unruh and Hawking temperatures is through finding a
suitable embedding of the black hole spacetime in an appropriate (pseudo)Euclidean space of some
higher dimension d. It is then demonstrated that in this higher dimensional flat metric, the black
hole observers become accelerated Rindler observers, thereby leading to the Unruh effect. Now
the Hawking temperature can be found corresponding to the observer at infinity either through
red-shift or even directly (as we also show) if the embedding transformations are well defined at
infinity. This approach has the name GEMS - Global Embedding Minkowski Spacetime, and such
an embedding can always be found [4]. The flat space embedding for a Schwarzschild black hole
is done in a 6 dimensional space [35]
ds2 = −
(
dz0
)2
+
(
dz1
)2
+
(
dz2
)2
+
(
dz3
)2
+
(
dz4
)2
+
(
dz5
)2
(54)
The transformations (which can be extended to cover the region r < 2M , Eq. (16) of [35]) leading
to the embedding of the Schwarzschild metric (46) in this space are
z0 = 4M
√
1− 2M/r sinh(t/4M),
z1 = 4M
√
1− 2M/r cosh(t/4M),
z2 =
∫
dr
√
(2Mr2 + 4M2r + 8M3)/r3,
z3 = r sin θ sinφ,
z4 = r sin θ cosφ,
z5 = r cos θ. (55)
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This transformation ensures that on substitution in the GEMS flat metric (54) we get back the 4
dimensional Schwarzschild metric. Observers in Schwarzschild spacetime located at some spatial
point with fixed spatial coordinates (r, θ, φ), here represent observers having fixed z2, z3, z4, z5
coordinates with the other two coordinates related as(
z1
)2 − (z0)2 = 16M2 (1− 2M
r
)
=
1
α26
. (56)
On comparison with the hyperbolic trajectories (1) of an accelerated observer in Minkowski space,
we see that (56) represent similar trajectories in the z0−z1 plane. Thus different observers located
at different values of r represent, in the z0 − z1 plane, different hyperbolae. This fact and the
form of the first two transformations in (55) indicates that (t, r) behave as Rindler coordinates
modelling an accelerated observer in z0 − z1 plane. This is verified by explicitly transforming the
metric of the z0 − z1 sector into the corresponding metric in the coordinates (r, t)
ds2 = −
(
1− 2M
r
)
dt2 +
16M4
r4
(
1− 2Mr
) dr2. (57)
This metric is in Rindler form as can be seen using our generalised Rindler metric (7) which
readily gives the above metric (57) on choosing the function F as F (r) = 4M
√
1− 2Mr and the
constant a = 14M . However, since the Rindler metric (57) is not in the form of the metric (9)
which was used in our tunneling analysis (Section 3 & 4), we choose to introduce a new Rindler
coordinate pair (p, q) defined as
z0 =
2
√
q√
Λ
sinh
(
Λp
2
)
z1 =
2
√
q√
Λ
cosh
(
Λp
2
)
. (58)
The metric in the z0 − z1 sector of (54) is now expressed as
ds2 = −(Λq) dp2 + dq
2
(Λq)
(59)
which is in the exact Rindler form as (9). On comparison with the first two relations of (55) with
the transformations (58), we see that the coordinates (p, q) and (t, r) are related as
p =
t
2ΛM
q = 4M2Λ
(
1− 2M
r
)
; Λ =
1
2M
. (60)
If we substitute for coordinates (p, q) using the above transformation (60), in the metric (59), we
get back the metric (57) which is given in terms of (t, r).
The whole analysis done previously to compute the corrected Unruh temperature now goes
through using the metric (59), and we get the corrected Unruh temperature through GEMS as
below
T
(c)
U
∣∣∣
GEMS
=
h¯α6
2pi
(
1 +
∑
i
Cih¯
iΛ2i
)−1
. (61)
Upto first order in h¯, this gives
T
(c)
U
∣∣∣
GEMS
=
h¯
8piM
(
1− 2M
r
)−1/2 (
1− h¯
360piM2
)
(62)
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where we have substituted for α6 from (56), C1 from (51) and Λ from (60). This is the temperature
as seen by an embedded GEMS observer at an arbitrary r. To get the Hawking temperature from
here, we again use the redshift equation (44) between r and ∞ to obtain the corrected form,
T
(c)
H = T
(c)
U
√
|g00|
=
h¯
8piM
(
1− h¯
360piM2
)
(63)
where we have used the g00 component of the metric (57) as the temperature (62) was expressed
in the coordinate r. This reproduces the expression (52).
We note that since the embedding done through the transformation (55) remains well-defined
all the way to r =∞, we can also investigate the Hawking temperature directly from the temper-
ature (62). The point is that the Unruh temperature (62) varies from one hyperbolae to the other
in z0−z1 plane, depending upon the value of r (56) and each hyperbola represents accelerated ob-
servers in (z0, z1) coordinates having acceleration α6 = 14M
(
1− 2Mr
)−1/2
. The Hawking observer
is the observer who is situated at r = ∞. So here in this case the Unruh temperature (62) seen
at ∞ is precisely equal to the Hawking temperature. This is demonstrated quantitatively when
we use r =∞ in the expression (62) to recover the corrected Hawking temperature (52) or (63).
5.3 The GEMS and the near horizon expansion - a comparative study
As we have shown, both methods – the near horizon expansion followed by redshift, and the
method of embedding the black hole in a flat spacetime (GEMS) – provide a map between Unruh
and Hawking effects. Now since both methods are being used to describe the same physical map,
we can easily anticipate that the two methods must relate with one another, such that results
derived using both are identical. We explore this point further in this subsection.
The corrected Unruh temperature found near the horizon in (53) can be red-shifted to give
T (r) – the temperature observed at an arbitrary position r – through use of the redshift equation
(44) as
T (r) =
T
(c)
U (rh) V (rh)
V (r)
=
[
h¯
√
f ′(rh)
4pi
√
x
(
1− h¯ [f
′(rh)]
2
90pi
) √
f ′(rh)x
]/√
f(r), (64)
where we have substituted for the redshift factor V =
√|g00| from the appropriate metrics near the
respective points under consideration. Simplifying this and taking the case of the Schwarzschild
metric, where f(r) =
(
1− 2Mr
)
and f ′(rh) = 12M , we get
T (r) =
h¯
8piM
(
1− h¯
360piM2
) (
1− 2M
r
)−1/2
, (65)
which is the exact expression as found through an embedding analysis (GEMS) in (62). Now we can
redshift this to ∞ by T (r)√g00 to recover our expression for the corrected Hawking temperature
(63) or (52). So we see that both the methods give the same temperature as observed at any
intermediate point r between the horizon and infinity. This demonstrates the inter-compatibility
of the two methods.
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6 Conclusion and discussions
In this paper, we make a systematic study of the Unruh effect in the tunneling formalism through
a Hamilton-Jacobi analysis. Since there is a close connection between Unruh and Hawking effects,
and the latter has been studied extensively in the tunneling formalism, it is natural to consider
this approach for the Unruh effect also. Apart from illuminating several points in the connection
between these two effects, we also found that the Unruh effect undergoes corrections, exactly like
the Hawking effect. This is a new result.
We did a Hamilton-Jacobi tunneling analysis within the WKB ansatz (but taking higher orders
of h¯ to obtain quantum corrections) to describe a massless scalar particle tunneling through the
Rindler accelerated horizon (as shown in fig. 1). While doing so, our analysis shows how a
careful choice of the form of the single particle action S0 (16) and application of the principle
of detailed balance in conjunction with the redshift relation gave the observer dependant Unruh
temperature. Confining to the leading WKB term (h¯→ 0) we obtained the familiar result of the
Unruh temperature as T = α2pi , where α is the local observer’s acceleration. We are thus able to
reproduce the original result of Unruh [1] in the tunneling picture.
We next concentrated on the corrections to the Unruh temperature and found a corrected form
(38). Also, by mapping the corrected Unruh temperature to the corrected Hawking temperature
through redshift arguments, we were able to fix the coefficient to the leading order correction
term.
Furthermore, our analysis clarified some aspects of the tunneling picture in a black hole,
when we studied the connection between the Unruh and Hawking temperatures. The Rindler
horizon was shown to map to the Schwarzschild event horizon and the picture of scalar-particle
tunneling developed here, successfully maps to that of the well known case of tunneling in black
holes. The Unruh temperature previously found thus applies to a near horizon approximated
Schwarzschild metric which has been shown to take a Rindler form. Redshift arguments then gave
the temperature T (r) at any arbitrary coordinate distance r (see (62) or (65) ). This temperature
corresponds to a ‘local Hawking temperature’ in the nomenclature used by Deser and Levin [5].
The standard Hawking temperature is obtained by looking at the asymptotic limit r →∞.
Besides the method of connecting the Unruh and Hawking effects through a near horizon
approximation, there exists another approach (GEMS) where the Schwarzschild metric is treated
as a 4-D hypersurface of a higher, 6-D Minkowski-flat space. Different detectors at different
distances r in the black hole metric get mapped into different accelerated observer hyperbolae
in the higher dimensional coordinate plane (z0 − z1 plane in our example). Thus we have the
Unruh effect, and the Rindler observer corresponding to r → ∞ sees the Hawking temperature.
The embedding however has to be such that the hypersurface should contain the black hole
event-horizon, as stressed in [5]. Without this, the temperature vanishes [5]. Here we note how
the horizon also becomes important in the tunneling picture. The horizon there appears as a
singularity which gives a pole in the integral (22) (or more generally in (B.4)) without which there
will be no imaginary temporal contribution and no temperature. In a comparative study between
the two methods, we saw how both methods gave the same corrected Unruh temperature observed
at arbitrary r, and from there, the Hawking temperature observed at∞ was found through redshift
for both. Thus we have clearly demonstrated the equivalence of the two methods. Either one can
be used, though we note that a difficult part in the embedding method is to find a globally valid
embedding transformation in the first place. So it seems easier to follow the method of near
horizon approximation.
At the end, we note that the tunneling calculations were done in a specific form of the Rindler
metric. This was desirable because the near horizon approximation of the Schwarzschild black
hole resulted in that particular Rindler metric. However, as pointed in Appendix B, it is feasible
to perform this analysis starting from the generalised Rindler metric (7) that we had constructed
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earlier.
Appendix A : The generalised Rindler metric applied in some
standard cases
The Generalised Rindler metric (7)
ds2 = −a2F (x)2dt2 + F ′(x)2dx2 + dy2 + dz2.
yields various forms of the Rindler metric through specific choice of the function F (x) and the
constant a. Some examples of standard forms of Rindler metrics found in literature are discussed
below.
Metric 1.
ds2 = e2αx
(
−dt2 + dx2
)
. (A.1)
For this metric taken from [31], we get a = α and F (x) = 1ae
ax.
Metric 2.
ds2 = −x2 dt2 + dx2. (A.2)
For this metric taken from [30], we get a = 1 and F (x) = x.
Metric 3.
ds2 = −x dt2 + dx
2
x
. (A.3)
For this metric taken from [1], we get a = 1/2 and F (x) = 2
√
x.
Finally, an example of a metric that is not in Rindler form:
Metric 4.
ds2 = −x2 dt2 + dx
2
x2
. (A.4)
For this metric, no choice of F (x) and a constant ‘a’ exists that allow us to write it in the form of
(7). Thus this is not a valid Rindler metric.
For all metrics described in this appendix except (A.4), the corresponding Minkowski Space
variables are defined through the transformations (4).
Appendix B : Tunneling in the generalised Rindler metric
In Section 3 we had taken an explicit Rindler metric (9) keeping in mind that our near horizon
approximated metric (41) comes naturally in that form. There it had lead to a simple, transparent
analysis as against taking the generalised form (7) which we had constructed earlier. This is
because, the function F in the general form, is an arbitrary function of x, with only general
restrictions that it be analytic, monotonic and positive definite. However, the tunneling analysis
can be carried out in the generalised form itself, as we now outline briefly, stating only the relevant
results. We consider the standard semiclassical (h¯ → 0) case, from which it can be seen that an
analysis along the lines of Section 4, with all powers of h¯ corrections included, is feasible.
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The Klein Gordon equation (10) for our massless scalar particle, in the generalised metric (7),
considering the relevant t− x sector, turns out to be
− 1
a2F 2
(
∂2t φ
)
+
1
F ′2
(
∂2xφ
)
+
1
FF ′
(∂xφ)− F
′′
F ′3
(∂xφ) = 0 (B.1)
The standard WKB ansatz (12) for the wave function φ, when inserted in (B.1) yields, on taking
the h¯→ 0 limit, (
∂S
∂t
)
= ±aF
F ′
(
∂S
∂x
)
(B.2)
where S ≡ S(x, t) is the single particle action. Now taking a similar decomposition of the action
as in (16) and inserting in equation (B.2) yields the ingoing (+) and outgoing (-) modes φin and
φout:
φin = e
− i
h¯
Sin = exp
[
− i
h¯
(
Ωt+
Ω
a
∫
dF
F
)]
φout = e
− i
h¯
Sout = exp
[
− i
h¯
(
Ωt− Ω
a
∫
dF
F
)]
(B.3)
The ingoing and outgoing probabilities are calculated as |φ|2, taking the relevant modes. Again
imposing the condition Pin = 1 as explained earlier, we get Im Sin = 0, leading to the result,
Im t = −Im 1
a
∫
dF
F
= −pi
a
(B.4)
where the limits of the integral were taken just across the zero of F (x) (say at x = x0). The zero
of the function F (x) gives us the position of the horizon. Subsequent analysis of using this result
(B.4) to calculate the outgoing probability and then using the principle of detailed balance now
goes through as before. Finally we get the familiar form of the Unruh temperature
TU =
αh¯
2pi
, (B.5)
where α is here the local acceleration, and is related to the function F as α = 1F (see 5).
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Figure 1: The Rindler wedges shown on the Minkowski plane. (X,T) and (x, t) are Minkowski
and Rindler coordinates. The infinities lie outside the diagram, towards the directions shown.
Tunneling occurs from region II to region I.
Figure 2: Carter-Penrose diagram - Conformal representation of the Rindler wedge I showing the
position of the infinities. t˜ is the inverse tangent of rindler time t and x˜∗ is the inverse tangent
of a tortoise like space coordinate constructed out of the Rindler x. The null infinities shown are
only those portions of the corresponding infinities of the Minkowski plane that lie inside the wedge
I. Minkowski origin OM is seen on one vertex of the diagram. The directed geodesic shown is that
of a Rindler observer.
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